The model of rigid linear heat conductor with memory is reconsidered focussing the interest on the heat relaxation function. Thus, the definitions of heat flux and thermal work are revised to understand where changes are required when the heat flux relaxation function k is assumed to be unbounded at the initial time t = 0. That is, it is represented by a regular integrable function, namely k ∈ L 1 (R + ), but its time derivative is not integrable, that isk / ∈ L 1 (R + ). Notably, also under these relaxed assumptions on k, whenever the heat flux is the same also the related thermal work is the same. Thus, also in the case under investigation, the notion of equivalence is introduced and its physical relevance is pointed out.
Introduction
The model of a rigid heat conductor is well known: its origins can be traced in the celebrated generalised Fourier's law by Cattaneo [16] . The approach here adopted is based on subsequent results by Coleman [18] , concerning materials with memory, which were further developed by Gurtin and Pipkin [29] , who proposed a non-linear generalisation in the case of a rigid heat conductor with memory. Since then, heat transfer phenomena have been widely studied, to mention only some of the results connected to the present study, Gurtin [27] and Coleman and Dill [19] studied properties of free energy functionals in the case of materials with memory. Later, Giorgi and Gentili [26] further investigated, in a fading memory material, a problem in heat conduction. The model under investigation is that one of a rigid homogeneous linear heat conductor with memory studied by Fabrizio, Gentili and Reynolds [24] considered in [2] . Specifically, the model in [2] is revisited to introduce those generalisations which are required to adapt the model itself to describe a wider class of materials with memory. To start with the assumptions on the physical quantities of interest to describe the problem are briefly summarised. The internal energy and the relative temperature are assumed linearly related, that is, e(x, t) = α 0 u(x, t) , (1.1) where, respectively, e denotes the internal energy, α 0 the energy relaxation function, for simplicity, assumed to be constant, x ∈ B ⊂ R 3 where B denotes the bounded closed set in R 3 which represents the configuration domain of the conductor, denotes the position within the conductor, t ∈ R + denotes the time variable 1 , and u := θ − θ 0 the temperature difference with respect to a fixed reference temperature θ 0 . According to the classical setting, see Giorgi and Gentili [26] and also Fabrizio, Gentili and Reynolds [24] , the heat flux q ∈ R 3 is assumed to satisfy the constitutive equation
where g := ∇u = ∇(θ − θ 0 ) = ∇θ is the temperature-gradient and k(τ ) the heat flux relaxation function, which is assumed
where k 0 ≡ k(0) represents the initial (positive) value of the heat flux relaxation function, thus termed initial heat flux relaxation coefficient. Under the functional viewpoint, the heat flux relaxation function is classically assumed to satisfy the following regularity requirements:
These requirements are consistent with the physically meaningful condition of no heat flux when, at infinity, the thermal equilibrium is reached. Hence, the asymptotic behaviour of the heat flux relaxation function, at t → ∞, is assumed k(∞) := lim t→∞ k(t) = 0.
On introduction of the integrated history of the temperature-gradient
the heat flux (3.1), can be written also as
Then, the evolution equation which describes the temperature evolution within a rigid heat conductor with memory, reads 8) wherein the heat flux q is given by (1.2) or, equivalently, by (1.7), hence, in case of no heat supply, in turn
(1.9)
1 notation remark: throughout the whole paper
Note that in the two linear integro-differential equations, respectively, the kernel coincides with the heat flux relaxation function or its time derivative: both of them, in the classical case, i.e. when k satisfies both (1.5) and (1.4), are regular. This condition is not satisfied in the present investigation since the heat flux relaxation function k is assumed to be unbounded at t = 0. Nevertheless, the solution existence problem can be addressed to: some results are comprised in [12, 8, 5] , now the interest is focussed on the model and, specifically to the definition of heat flux and thermal work, in this generalised case. The existence and uniqueness result of solution to (1.9) when Dirchlet boundary conditions and assigned initial data takes its origin in the results by Dafermos [20, 21] in connection with an analogous problem which arises in linear viscoelasticity. Indeed, under the analytical viewpoint, the two different physical models of isothermal viscoelasticity and rigid heat conduction with memory share interesting properties as pointed out, for instance, in [14, 15] . The interest in singular kernel models is not new since the seminal idea is due to Boltzmann [3] in connection with special viscoelastic behaviours, further references are comprised in [7] . The term singular kernel problem is introduced to refer to this model to stress that (1.9) is characterised by a kernel unbounded at t = 0. The interest in singular kernel problems is well known both under the analytical viewpoint [28, 30, 31, 34, 12] as well as in connection to the study of innovative materials [17] or materials whose response is changed due to aging processes [7] or models devised to describe bio-materials [23] . As a special case, the current interest is on models in which the singular kernel is represented by a fractional derivative term [25, 32, 22] .
The article is organised as follows. The opening Section 2 is concerned about the notion of process and process prolongation. Specifically, the definitions given in [2] are revised and adapted to take into account that the integrability of the time derivative of the heat flux relaxation function, assumed in [2] , is not required in the present study.
The following Section 3 is devoted to revise the expression of the heat flux to adapt it to the singular case under investigation. Again, the required changes are introduced. Furthermore, in Section 3, the notion of equivalence among different thermal processes is introduced. It represents a generalisation of the analogous one which refers to the regular model [2] and allows to identify thermal processes which shares the same heat flux.
The thermal work is considered in Section 4 where the notion of equivalence is given in terms of the thermal work. Notably, in the singular as well as in the classical model, the crucial property that processes which are associated to the same heat flux are also associated to the same thermal work holds true. Hence, equivalence can be stated, indifferently, referring to one or the other physically meaningful quantities. Conclusions and perspective investigations are comprised in the closing Section 5.
Process & process prolongation
The aim of this section is to revise the notions introduced in [2] to adapt them to the case of a singular kernel material.
Accordingly, the definition of all the meaningful quantities is provided with the exception of those ones which are exactly the same in the regular as well as in the singular cases.
The present investigation, as [2] is based on the model by Fabrizio, Gentili and Reynolds in [24] , hence the attention is focused on an element of the conductor which is supposed isotropic. No dependence on the position in the conductor is considered so that the energy e, the heat flux q, the temperature θ and also all the other derived quantities are represented by functions of the time variable alone. Conversely, all such quantities depend on the time variable not only via the present time t, but also via their past history.
This Section collects some crucial definitions, according to the model in [24] , such as process prolongation, equivalent histories and the zero prolongation recalled from [2] since they represent key notions throughout. Some slight modifications are needed, which, however, do not change the results. Specifically, integrals whereink appears, which loose their meaning whenk / ∈ L 1 , are avoided. The presence of these minor changes represents a further justification for this Section whose aim is exactly to point out those definitions which need to be modified (and how) with respect to the analogous ones comprised in [2] .
Hence, a process P of duration T < ∞ is known when the two applicationsθ P : [0, T ) → R and g P : [0, T ) → R 3 are assigned, and thus the state function σ(t) can be constructed. Indeed, as pointed out in [24] , given its initial value σ(0) = θ ⋆ (0),ḡ 0 ⋆ , where, in turn, θ ⋆ (0) denotes the temperature, andḡ 0 ⋆ the integrated history of the temperature-gradient at time t = 0, then a process P delivers the state function σ(t),∀ t ∈ [0, T ), defined by 11) which is continuous at s = t. To specify what it means to define a "prolongation" of a generic process, whose history is known, with a given one, characterized by an assigned g P , the following definition is introduced.
Definition 2.2
Given a process P , hence assigned g P , its duration T and a set of integrated histories of the temperature-gradientḡ t i (s), corresponding to g t i (s), i = 1, . . . , n, n ∈ N, then the prolongation of the historyḡ t i (s), induced by the process P , is defined by 12) which is continuous at s = T since (g P ⋆ḡ i )
. Such a definition can be equivalenly introduced in terms of the translated temperature gradient instead than of the integrated history of the temperature gradient. Thus, the definition of prolongation of the translated temperature gradient reads as follows.
Definition 2.3
Given a process P , hence assigned g P , its duration T and a set of translated temperature-gradient g t i (s), corresponding to g t i (s), i = 1, . . . , n, n ∈ N, then the prolongation of g t i (s), induced by the process P , is defined by 13) which is continuous letting g t i (0) = g T P (0). As a special case, g t 0 = 0 termed zero history in [2] , characterised by a constant temperature θ(t) = θ 0 and a zero temperature-gradient is introduced: the corresponding heat flux is zero. The corresponding state function is given by
Consider, now, a prolongation of the zero history via any assigned process, characterized by the duration τ , τ ≤ T < ∞ and
(2.15)
Heat flux & equivalence
The aim of this section is to revise the notions introduced in [2] to adapt them to the case of a singular kernel material. This Section is devoted to the heat flux functional and its expression in the case the heat flux relaxation function k satisfies (1.5), but does not satisfy (1.4). The constitutive equations (1.1) and (1.2) are considered. The latter, which represents the heat flux, on introduction of g t (τ ) := g(t − τ ) termed translated temperature-gradient, can be written as
Such a definition implies that the heat flux at the time t + T , for any T > 0, reads
Nevertheless, following the spirit of Fabrizio, Gentili and Reynolds [24] and McCarthy [33] , a thermodynamic state function can be introduced also in the singular case. Hence, as a natural modification of definition 2.1 in [2] (see also [24] ), the thermodynamical state of the conductor is assigned via the following thermodynamic state function. 2 
Definition 3.1 The function
where g t belongs to a suitable Hilbert space, is said to be the thermodynamic state function: it characterises the thermodynamic state of the conductor.
Therefore, the thermodynamic state function is known as soon as the temperature and the translated temperature-gradient are given. The heat flux linear functional can be defined via:
Hence, since only finite heat fluxes are physically admissible, the set of all g t which correspond to them belong to the vector space 3
Correspondingly, the set of states associated to a finite heat flux is
Remark The fading memory property holds true also in the singular case, however, whenk / ∈ L 1 (R + ), the condition to impose to guarantee that, consistently with the prescription there is no heat flux when the asymptotic equilibrium is reached, follows if, given any arbitrary ε > 0, there exists a positive constantã = a(ε, g t ) s.t.
which coincides with the usual condition, see (2.14) in [2] , in the regular case when k satisfies also (1.4). Hence, the notion of equivalence can be given to identify all those translated temperature gradient histories g t which correspond to the same heat flux.
Definition 3.2
Given two translated temperature gradient histories g t 1 and g t 2 are said to be equivalent if
That is, two different histories of the temperature-gradient, or two thermodynamical states, are equivalent when, for any prolongation of any time duration, the same heat flux corresponds to both of them. The physical meaning, which naturally does not dependent on the regularity of the heat flux relaxation function, is to recognise those thermal states which correspond to the same heat flux, exactly as stated in [2] . Hence, according to (3.9), recalling (2.13), equivalent states produce the same heat flux as soon as, for any s ≥ τ , it holds
which, on substitution of (2.13), reads
The latter shows also that two translated histories of the temperature-gradient g t 1 and g t 2 are equivalent whenever their difference g t 1 − g t 2 is equivalent to zero, that is
(3.12)
Furthermore, when the couples (θ 1 (t), g t 1 (s)) and (θ 2 (t), g t 2 (s)) are considered then, they can be represented by the same state function σ(t) whenever they are such that θ 1 (t) = θ 2 (t) ∀ t and, in addition, the difference of the two integrated histories of the temperature-gradient is equivalent to zero, i.e. satisfies (3.12).
Thermal work
In this Section the notion of thermal work, in the singular case, is introduced in such a way that it coincides with the corresponding one in the regular case [2] . To introduce the definition of thermal work, according to [24] , the notions of process and process prolongation, given in Section 2, are needed. A comparison between the definitions in Section 2 and the corresponding ones in [2] (Definitions 2.2 and 2.3) shows that some differences turn out to appear. Indeed, even if both the definitions introduced in [2] do not depend on the heat flux relaxation function, and, hence, can be adopted also in the singular case, this choice is not convenient. The new definitions in Section 2 are suggested by the need to use, to express the heat flux as well as the thermal work, the heat flux relaxation function instead than its time derivative; thus, the key role played in [2] by the integrated history of the temperature-gradientḡ t is now of the translated temperature gradient g t .
As fas as the thermal work is concerned, the difference between the two cases regular and singular is limited to the fact that the expression of the thermal work can be given in terms of the heat flux relaxation function while expressions in which contain integrals of its time derivative are not defined. Definition 4.1 Given any initial state, defined on assigning the state function σ(t) = (θ(t),ḡ t ), and any prolongation process P of arbitrary finite duration τ , P (τ ) = θ P (τ ), g P (τ ) , where 0 ≤ τ < T , then the thermal work associated to the time interval [0, T ) is represented by the functional
Thus, chosen g P and the initial state, the thermal work W (g t ; g P ) follows
recalling the expression (3.2) of the heat flux q (t + τ ) at time t + τ . If, in particular, the prolongation, via any assigned process P , of the zero history, which corresponds to the state function σ(t) ≡ (θ 0 , 0), is considered, then the thermal work functional, according to [2] , is
Notably, the expression (4.15) of the thermal work W {0; g P }, remains valid for any given process P , that is any g P (τ ), and ∀ 0 ≤ τ < T < ∞. The thermal work W {0; g P } on introduction, in (4.15), of ξ = τ − s, and, then, s = ξ, can also be written as
which, changing the integration limit, becomes
Hence, the definition of finite thermal work process follows as the set which comprises all those processes which correspond to a finite W {0; g P }, that is W {0; g P } < ∞. According to [2] , when the generic case, characterised by any initial state σ(t) = (θ(t), g t ) prolonged via any process P , the thermal work can be expressed as follows
The latter, on introduction of 4
Now, the setting is exactly the same in both the regular as well as in the singular case, hence the result in [2] can be repeated in an analogous way. The difference consists in the definition (3.3) which, in the singular case, is given in terms of g t while in the regular case (see (2.6) in [2] ) is expressed in terms ofḡ t . Following [2] , on introduction of Fourier transforms, the set of all finite thermal work states is represented by the functional space associated to finite thermal work 21) where k c (ω) denotes the Fourier cosine transform 5 of k(ξ) ∈ L 1 , an even function of its real non negative argument, ξ = |τ −s|. The functional space H(R + , R 3 ), can be equipped by the following inner product 4.22) and by the induced norm
On introduction of the Fourier transforms 6 of I(τ, g t ) and of g P defined via
Plancharel's theorem allows to evaluate the functional W in the dual space under Fourier transform, as
where g + (ω) denotes complex conjugate of the Fourier Transform g + (ω) of g P (τ ). As a special case, W {0; g P }, is given by 26) which justifies the introduction [2] of the space H(R + , R 3 ) in (4.21). Furthermore, when (4.26) and (4.25) are compared, it follows that, provided the first one is bounded, then the latter is also bounded whenever 27) where I + (ω) is given in (4.24), is finite. Hence, also in the singular case, the completion with respect to the norm · k of the space H(R + , R 3 ), denoted as H k (R + , R 3 ), represents the set of all admissible thermal states according to the following definition [2] .
Definition 4.2 admissible thermal states
The set of all admissible thermal states is the set of all states σ(t) ∈ Σ 0 , such that, for any choice of the prolongation process P , such that g P ∈ H k , it follows that I + (ω) belongs to the space
dual of H k (R + , R 3 ) with respect to the inner product ·, · k defined in (4.22) .
According to all the definitions here extended to the case of a material characterised by a singular heat flux relaxation function, the equivalence notion given in [2] can be naturally extended to this kind of materials. This notion allows to single out all those thermal histories which are associated to the same heat flux. Notably, according to Prop. 3.6 in [2] , which holds true also in the singular case, if the heat flux which corresponds to two different histories is the same, then also the corresponding thermal work is the same. Specifically, given two arbitrary states (θ 1 (t), g t 1 ) and (θ 2 (t), g t 2 ), if and only if they ∀ g P : [0, τ ) → R 3 , ∀ τ > 0 the corresponding heat flux is the same, then also the thermal work is the same, namely 7
(4.29)
6 Some details are given in Section 2 in [2] ; background notions on Fourier transform are comprised, for instance, in [1] . 7 The proof is exactly the same when both a regular as well as a singular heat flux relaxation function are considered, hence, it is here omitted referring to Prop. 3.6 in [2] and its proof therein.
Hence, the state function
which represents the thermal work, can be introduced to stress that, under the physical viewpoint, it is the quantity of interest. Indeed, given a process P , assigned via g P , the thermal work which is associated to all those states identified by the same state function σ(t), is the same. Thus, if σ ∈ Σ, it follows that both the heat flux q, as well as the internal energy e, given, in turn, by (1.2) and (1.1), are finite. According to the observation in [24] , if a conductor in a state σ(0) ∈ Σ is considered, its time evolution σ(t) does not necessarily belong to Σ itself. However, the existence of any thermodynamic potential can be guaranteed only in the case when σ(t) ∈ Σ, ∀ 0 ≤ t < T , where T denotes the duration of the process. Hence, the study is restricted to those processes which are physically meaningful, namely admit an associated finite thermodynamic potential.
Conclusion and perspectives
The present revisitation of the model of a rigid heat conductor with memory aims to provide suitable definitions to adapt the usual ones to the case when a less regular heat flux relaxation function is considered. Accordingly, the crucial physically meaningful quantities are defined in a slightly modified manner to take into account the relaxed regularity requirements which are considered in the case of a singular kernel heat flux relaxation function. The interesting conclusion is that most of the properties studied in [2] remain valid as soon a suitable definition is adopted. Notably, all the definitions which refer to a heat flux relaxation which exhibits a singularity at t = 0, coincide with the usual ones when the heat flux relaxation is regular. Note that the minimisation procedure is not mentioned in the present article since the results in [2] are still valid: the only difference is that the thermal work and heat flux are expressed in the forms given in Sections 4 and 3, respectively. In addition, the minimisation procedure in [2] conserves its validity and, hence, there is no need to repeat it. The importance of this generalisation relies in the perspectives it opens as far as evolution problems are concerned. Indeed, singular evolution problems are studied in rigid thermodynamics [12, 5] , and also in isothermal viscoelasticity [9, 6, 13] . Furthermore, inspired by new materials, regular as well as singular kernel problems in which the coupling a magnetic field with a viscoelastic behaviour is taken into account are investigated in [10, 11, 9, 4] . The results here presented may suggest a possible way to investigate the asymptotic behaviour of the temperature evolution in the case of a singular question still open.
